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Abstract
The presence of coordinate singularities makes the implementation of hydrodynamics and
relativity on spherical polar grids a challenging task. This thesis presents an implementation of the so-called Yin-Yang grid into a numerical relativity code that uses spherical
polar coordinates. The grid allows one to remove the polar singularities by considering
for every 2-sphere two coordinate patches. It also has the advantage of reducing the
severeness of the Courant condition, which is normally very restrictive in spherical polar
coordinates. An overview of numerical relativity in the BSSN formulation and of relativistic hydrodynamics in the context of spherical polar grids precedes a discussion of
numerical algorithms and a detailed description of the geometry and implementation of
the Yin-Yang grid. The code was tested on both vacuum and non-vacuum spacetimes
and is found to perform stably on the implemented grid.

Zusammenfassung
Koordinatensingularitäten erschweren die Implementierung der Methoden numerischer
Hydrodynamik und Relativitätstheorie auf sphärischen polaren Gittern, für astrophysikalische Anwendungen ist die Wahl dieser Koordinaten aber attraktiv. In dieser Masterarbeit wird zum ersten Mal das sogenannte Yin-Yang-Gitter für die numerische Integration der Einstein-Gleichungen der Allgemeinen Relativitätstheorie verwendet. Dieses
überdeckt jede 2-Sphäre mit zwei Karten, von denen jede sphärische Polarkoordinaten
nutzt, die Achsen der Koordinatensysteme aber zueinander orthogonal sind. Neben
der Entfernung der Polregion wird die in gewöhnlichen Polarkoordinaten sehr restriktive Courant-Bedingung gemildert. Die Gleichungen (in der auf einer Hintergrundmetrik
basierenden BSSN-Form) werden mit einer teilweise impliziten Runge-Kutta Methode
integriert. Die Implementierung der relativistischen Hydrodynamik nutzt konservative
Methoden mit hoher Auflösung von Schockfronten. Die Stabilität des Gitters wird an
Vakuum und nicht-Vakuum Raumzeiten demonstriert.
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1

Introduction

General relativity comes into play in a variety of astrophysical situations, mostly involving
compact objects and black holes. Gravitational wave astronomy is expected to provide
major advances in the study of the internal structure of many objects and tests of general
relativity in the strong field regime. The equations of general relativity (found nearly
hundred years ago) have so far not allowed for exact solutions but in highly symmetric
situations or were solved in only an approximate manner. Putting all ingredients together necessary to model a true astrophysical object to some detail is only possible in
a simulation, thus justifying the quest for reliable ways to solve the Einstein equations
numerically.
Several methods for doing this have been proposed (e.g. [Ise07], [WMM96]; [Pre05];
[BLPŽ03]; [BGGN04]; [BS98]; [Win05]). The most successful ones are based on the
3 + 1 decomposition of spacetime, invented in the mathematical literature in the 1920s.
As the Einstein equations do not develop discontinuities, they can be discretized with
finite differencing. In non-vacuum spacetimes the equations for the spacetime evolution
have to be augmented by those of relativistic hydrodynamics, for which the method of
choice are grid based shock-capturing methods employing finite volume or finite difference
approximations.
Many astrophysical problems seem to be well captured in spherical polar coordinates.
To implement a computational grid induced by spherical polar coordinates one needs to
circumvent additional difficulties due to the presence of coordinate singularities on the
polar axis and at the origin. Although possible ([BMCCM13]), spherical polar codes suffer
from a rather restrictive Courant condition and accumulate errors in the vicinity of the
axis. No relevant practical situation is of course perfectly spherically symmetric, and thus
full three-dimensional spherical polar grids may be seen as just a first stage towards more
complicated grid geometries, as for example have been studied recently in [GSKM14] for
hydrodynamics. Another approach to treat problems arising from coordinate singularities
is to switch to other grids, in the spirit of minimal change. This has been done in
hydrodynamics (e.g. [GR62]; [Phi59], [Sad72], [RIP96]; [SAM68], [Wil68], [RRH+ 02];
[CDH+ 08]) and one such approach is particularly suitable: the Yin-Yang grid [KS04]. Its
implementation is facilitated by the fact that it involves two pieces of usual spherical polar
coordinates. In [WHM10] this grid has been successfully implemented for Newtonian
hydrodynamics. This thesis presents the first implementation of such a grid for the
solution of the Einstein equations and general relativistic hydrodynamics.
Section 2 gives a brief overview of the 3 + 1 formulation of the Einstein equations, followed by the BSSN formulation in a form suitable for implementation on a non-Cartesian
grid, and a short introduction into relativistic hydrodynamics. Section 3 presents basic
ideas on finite difference and finite volume schemes. Section 4 describes the challenges in
spherical polar coordinates as well as the geometry and the implementation of a Yin-Yang
grid. In Section 5 tests of both vacuum and non-vacuum spacetime evolutions follow.
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Conventions
Y

The metric signature is (−, +, +, +). Summation over upper and lower indices is always
assumed, latin indices run over 1, 2, 3, greek ones over 0, 1, 2, 3.

Y

The units are such that G = c = M

Y

N = {1, 2, . . .}, N0 denotes N ∪ {0}.

Y

A := B denotes the definition of A as a new name for expression B. A ≡ B means
identity between expression A and B for any parameter values involved.
T
smooth means belonging to C ∞ = k∈N0 C k , where the differentiability class C k contains functions, whose first k derivatives exist and are continuous, with k = 0 referring
to the function itself.

Y

Y

Y

= π = 1.

Vectors noted as columns or rows and analogously matrices are given with respect to
a Cartesian basis, if not stated differently.
id denotes the identity map, with the space involved suppressed (R3 by default).

Y

Angular coordinates, if not stated differently, are always given in the form and order
(ϑ, ϕ). Similarly numbers of grid cells are denoted in the order Nr × Nϑ × Nϕ .

Y

The floor function bxc, x ∈ R denotes the largest integer less or equal x. The expression
n ≡ r mod b with n, r ∈ N0 , b ∈ N means that n = k · b + r for some k ∈ N0 . The same
equation can be used with n, r, k ∈ R, b ∈ R\{0}.
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2

3 + 1 formulation of the Einstein equations

A stupid man’s report of what a clever man says
is never accurate because he unconsciously translates
what he hears into something that he can understand.
Betrand Russell, History of Western Philosophy

2.1

Overview

The equations of general relativity are about the spacetime, a 4-dimensional manifold with
a special 2-tensor, the metric. They express the dependence of the metric on the energy
content. These are partial differential equations of second order and have as such attracted
the attention of the mathematical community, questioning the existence and uniqueness
of solutions up to coordinate transformations. The answers have been given by Yvonne
Choquet-Bruhat [FB52] in the 1950s, with important contributions from her doctoral
father and grandfather, Lichnerowicz and Darmois. The framework of Choquet-Bruhat’s
work was the Cauchy problem, i.e. initial data given on a spacelike hypersurface.
The 3+1 formulation of general relativity is based on the related concept of a foliation
of spacetime by spacelike hypersurfaces. All quantities appearing in the Einstein equations
are projected on such a surface and on the normal, respectively, thus finally obtaining the
3 + 1 decomposition of the Einstein and of the energy-momentum-tensor. The equations
are then expressed as a family of evolution equations from one hypersurface to another
and a family of constraints. This splitting is often compared to the Maxwell equations,
two of which involve time derivatives and two do not.
One feature of relativity is that an equation for coordinates is not provided. It is in
principle not needed, as they could be fixed once for all, but it turns out to be useful to
evolve them together with the other spacetime quantities. This is connected to a second
particularity of relativity: the appearance of singularities, both coordinate and physical
ones. Coordinate prescriptions that avoid the formation of coordinate singularities are
very much in use.
This chapter is largely influenced by the enlightening book by Gourgoulhon ([Gou12]).
However some of the notation is different. v [ and ω ] are considered better notations for the
metric duals of a vector v and a 1-form ω, than arrows. Boldface for vectors and tensors,
when written down in a coordinate-free manner is considered unnecessary, to define the
trace of a mixed 2-tensor A the notation tr A := Aµ µ is adapted. As the quantities on a
hypersurface will be most relevant, the four-dimensional counterparts are equipped with
a leading superscript 4, i.e. the four-dimensional Ricci scalar will be denoted as 4R, this
time in agreement with the practice in the book.
13

2.2

Differential geometry on a hypersurface

Call Tp (M ) the tangent space at p of a spacetime M , which is a manifold equipped with
a metric 4g : Tp (M ) × Tp (M ) → R. Given a hypersurface Σ as an embedding Φ(Σ̂) of a
3-dimensional manifold Σ̂, one can define the pullback Φ∗ and use it to define the induced
metric γ : Tp (Σ) × Tp (Σ) → R. Helpfully, it turns out that when the hypersurface is
defined as one of constant time x0 , then for the remaining coordinates x1 , x2 , x3 one finds
4
gij = γij .
As on any other manifold, quantities like the Riemann and Ricci tensors and scalar
(Riem and Ric and R whenever not involving coordinates, otherwise all of them denoted
by R, distinguishable by the number of indices) are defined. The spacetime connection is
denoted by ∇ as usual, the connection with respect to the induced metric by D.
Having an embedding allows one to define additional quantities, as the notion of a
normal vector is clear. Given a hypersurface Σ defined as a level surface of t, the gradient
∇t is normal to the hypersurface, i.e. taking every vector tangent to Σ to zero. The
normalized metric dual n of ∇t (if Σ is not null) is chosen to be
(
−1 Σ spacelike
n·n=
1
Σ timelike
n is called a normal vector (field).
Given a normal n and a tangent vector v the Weingarten map χ : Tp (Σ) → Tp (Σ)
measures the change of the normal in a given direction along Σ. This change will not
be zero, if the hypersurface is extrinsically curved and is defined as ∇v n. Taking n as
a second parameter one obtains the second fundamental form of the hypersurface, or its
extrinsic curvature tensor K:
K : Tp (Σ) × Tp (Σ) → R
(u, v) 7→ −u · χ(v)
The Weingarten map is self-adjoint (K is symmetric); its real eigenvalues are called principal curvatures and the eigenvectors principal directions. The mean curvature is the
arithmetic mean of the principal curvatures, i.e. it is equal to − 31 tr K.

2.3

Slicings

The 3 + 1 formulation of relativity assumes the spacetime to be foliated, or sliced by
spacelike hypersurfaces, each labeled by some time coordinate. This setup has been used
for long in the context of existence and uniqueness theorems, because it is a natural
framework of a Cauchy problem.
A causal curve is a curve whose tangent is either timelike or null. A future (past)
directed causal curve γ : (a, b) → M is said to be future (past) inextendible in M if
limt→b− γ(t) does not exist.
A Cauchy surface is a spacelike hypersurface, such that each inextendible, causal
curve intersects it only once. Clearly, a spacetime with e.g. closed timelike curves does
not admit a Cauchy surface.
14

The existence of Cauchy surfaces is tightly linked to the notion of global hyperbolicity.
It turns out that in order to admit a Cauchy surface the spacetime has to be globally
hyperbolic; the converse is true as well. Global hyperbolicity thus enters into the important statements about the existence and uniqueness of solutions to the Cauchy problem
in general relativity. At the same time such a spacetime admits a time function, which
can be used to introduce a slicing of the spacetime:
A slicing of a spacetime is a set of continuously and uniquely parametrized (by t ∈ R,
say) non-intersecting hypersurfaces Σt . Furthermore here all Σt are assumed spacelike
and filling out all of the spacetime. One can view this as a scalar field t on M (with
non-vanishing ∇t) such that each hypersurface is a level surface of t. The scalar field is
sometimes called a time function.
Further discussion of the precise statements can be found in the Appendix (Sec. 7.1).
One introduces a function α as the scaling between n and ∇t:
n[ = −α∇t
n is timelike and of unit length; observers that have n as their 4-velocity are called Eulerian
observers. α, called the lapse, links an interval of proper time δτ for such an observer to
the corresponding coordinate time interval δt:
δτ = αδt
which justifies the sign convention and the name.
Associated to the normal vector is the normal evolution vector m := αn. Consider
some point on a hypersurface Σt . Displacing it along m yields p0 = p + δtm and the
coordinate time associated with this point is
t(p0 ) = t(p) + δth∇t, mi = t(p) + δt,
i.e. the hypersurfaces are Lie dragged by m.
The coordinate basis vector ∂t trivially fulfills the same relation h∇t, ∂t i = 1. However,
(see Fig. 1) the orientation of ∂t depends on the way how the spatial coordinates on each
slice vary. If the lines of constant spatial coordinates are orthogonal to the hypersurfaces,
then ∂t and m coincide. The generally not-vanishing difference between them is called
the shift vector β:
∂t = m + β

(1)

β is tangential to the hypersurface. As ∂t need not be associated with someone’s 4-velocity,
it can actually be spacelike and the shift would become superluminal. This however are
just coordinates.
Having a non-vanishing β gives the following expression for the metric:
4

gµν dxµ dxν = −α2 dt2 + γij (dxi + β i dt)(dxj + β j dt)

with γij = 4 gij , but γ ij 6= 4 g ij in general.
15

Figure 1: Coordinates (xi ) on the hypersurfaces Σt : each line xi = const cuts across the foliation
and defines the time vector ∂t and the shift vector β of the spacetime coordinate system (t, xi ).
(From [Gou12], Fig. 5.1)

2.4
2.4.1

Einstein equations on a hypersurface
Projection

At each point in a non-null Σ the space of all spacetime vectors can be decomposed
orthogonally. Define the projector onto Σ as P : Tp (M ) → Tp (Σ), taking a vector v
to v + (n · v)n, or in components P α β = δ α β + nα nβ . Whereas the embedding of Σ in
M induces a mapping from the tangent bundle of Σ to the tangent bundle of M (pushforward), P now does the opposite. This can be used to extend the induced metric
γ : Tp (Σ) × Tp (Σ) → R to all of Tp (M ), for which the same letter will be kept. One finds
then
γ = 4g + n[ ⊗ n[
or in components: γαβ = 4gαβ + nα nβ . Thus the projector P onto Σ is nothing else but
the extended induced metric, with one index raised by 4g. The orthogonal projection map
for covariant tensors will be called P ∗ with
P ∗ A :Tp (M )k → R
(v1 , . . . , vk ) 7→ A(P (v1 ), . . . , P (vk ))
For example, given a tensor T one has DT = P ∗ ∇T .
Now via the extension procedure and projections onto n and by P every 4-vector falls
apart into a scalar and a 3-vector, every symmetric tensor into a scalar, a vector and a
3-tensor. This is called a 3 + 1 decomposition. Equation (1) shows already an example:
the 4-vector ∂t is decomposed as αn + β.
16

2.4.2

Energy-momentum tensor

The energy density is E = T (n, n). The momentum density is found as p := −T (P (·), n),
or in components pα = −Tµν γ µ α nν and the matter stress tensor is given as double projection S = P ∗ T , i.e. Sαβ = Tµν γ µ α γ ν β . Combining all of this one finds:
T = S + n[ ⊗ p + p ⊗ n[ + En[ ⊗ n[
2.4.3

(2)

Gauss relation

Starting from the (four-dimensional) Ricci identity connecting the (extended) covariant
derivative on Σ and the (extended) Riemann tensor
(Dα Dβ − Dβ Dα )v ν = Rν µαβ v µ
one can rephrase it via the four-dimensional spacetime connection ∇ to obtain (after a
lot of index gymnastics)
(Kαµ K γ β − Kβµ K γ α )v µ + γ ρ α γ σ β γ γ λ 4Rλ µρσ v µ = Rγ µαβ v µ
where the spacetime-Riemann tensor has appeared alongside with the extrinsic curvature
of Σ, because of the remarkable relation
K = −P ∗ ∇n[
For its proof the reader is referred to Section 3.4.2 of [Gou12]. The above equation is
actually a relation between the tensors already, and carries the name Gauss relation:
γ ρ α γ σ β γ γ λ 4Rλ µρσ = Rγ µαβ + Kβµ K γ α − Kαµ K γ β
It can be contracted several times to yield
γ µ α γ ν β 4Rµν + γαµ nν γ ρ β nσ4Rµ νρσ = Rαβ + tr KKαβ − Kαµ K µ β
4

R + 24Rµν nµ nν = R + (tr K)2 − K ij Kij

(3)
(4)

which is a generalization of Gauss’s Theorema Egregium [Gau28].
2.4.4

Codazzi relation

Writing down the Ricci identity for the normal vector
(∇α ∇β − ∇β ∇α )nγ = 4Rγ µαβ nµ
and projecting it onto Σ one obtains the Codazzi-Mainardi relation
γ γ ρ nσ γ µ α γ ν β 4Rρ σµν = Dβ K γ α − Dα K γ β
One contraction yields
γ µ α nν 4Rµν = Dα tr K − Dµ K µ α
17

(5)

2.4.5

The ADM equations

The Einstein equations without cosmological constant are
1
Ric = 8π(4T − tr 4T g)
2

4

Using Eqn. (4) one obtains the so-called Hamiltonian constraint as a full projection onto
the normal:
R + (tr K)2 − Kij K ij = 16πE

(6)

The mixed projection makes the term involving the metric vanish, using the contracted
Codazzi relation (5) this gives the momentum constraint:
Dj K j i − Di tr K = 8πpi

(7)

Using now the full projection onto Σ, i.e. the Gauss relation (3) and a lot of index juggling
(see Sec. 4.4 of [Gou12])

Lm Kij = −Di Dj α + α Rij + tr KKij − 2Kik K k j + 4π((tr S − E)γij − 2Sij )
(8)
where the Lie derivative appears as
Lm Kαβ = mµ ∇µ Kαβ + Kµβ ∇α mµ + Kαµ ∇β mµ
and m = αn = ∂t − β. For this reason Lm is also denoted ∂⊥ = ∂t − Lβ .
Calculating Lm γαβ one obtains the last needed equation
Lm γij = −2αKij

(9)

System (6), (7), (8) and (9) is referred to as the ADM equations [ADM08], although
the equations have been known before and are not exactly the same as those derived in the
ADM publication, as remarked by [YJ04]. The ADM system splits the Einstein equations
into a system very similar to the four Maxwell equations, two of which do not involve
time derivatives as well. In order to obtain sensible solutions the constraints have to be
fulfilled already at the level of the initial data. In order to verify that the constraints are
then also never violated during the evolution, one defines the constraint violations (see
e.g. [Fri97])
E0 := R + (tr K)2 − Kij K ij − 16πE
Ei := Dj K j i − Di tr K − 8πpi
and differentiates with respect to t. As the equation thus obtained is of the symbolic form
∂⊥ Eα = f (E)α with f (0) = 0, a solution is given by Eα ≡ 0, i.e. vanishing for all times. It
is of course reassuring that the evolution preserves the constraints.
A nice geometric view is to consider the solution space to the evolution equations, i.e.
the space S of properly chosen pairs of metrics and extrinsic curvature tensors (in the
18

vacuum case; matter sources can be added analogously). Equations (8) and (9) determine
for each initial data set a curve through this space, parametrized1 by t (here the existence
and uniqueness theorems enter). The constraints Eα = 0 define a subset (submanifold) E
of this space. The above analysis showed that a solution starting off on E will stay on E
forever. If the constraints are not enforced for the initial data they will however evolve
in time; if the evolution equations are not solved precisely (a case relevant in numerics),
the solution curve may depart from the constraint-satisfying subset E.

2.5

BSSN formalism

The exact constraint preservation during the evolution is not expected when it comes
to numerical implementations of only the equations (8) and (9) (the evolution system).
Slight initial perturbations of the constraints may be amplified during the evolution.
If they cannot be controlled the numerical scheme is unstable and cannot be used for
practical computations. This turns out to be indeed the case for the ADM equations.
An idea that was already used in Choquet-Bruhat’s proof is to transform the equations
in such a manner that they become a system for which well-posedness is established. This
is only a necessary condition for numerical stability, but it is successfully used as guidance.
Different methods have been developed. The one employed here is the BSSN formulation
[SN95], [BS98], which will be introduced now briefly.
Its starting point are the ADM equations with a conformal factor and the trace of the
curvature evolved separately (York-Lichnerowicz split, [Lic44]). Define
γij =: e4ϕ γ̃ij
Conformal decompositions have been used fruitfully in solving the constraint equations.
They turn out to be equally relevant in the evolution problem since in [YJ71] it has
been pointed out that conformally equivalent 3-metrics lead to equivalent spin-two representations, i.e. ignore all but the two physical degrees of freedom of the gravitational
field.
In the original BSSN formulation the determinant det γ̃ was fixed to 1. In order to
avoid tensor densities of non-zero weight ([Bro09], [BGGN04]) this condition is replaced
by an evolution equation, one of the simplest choices being
∂t det γ̃ = 0

(10)

(called Lagrangian choice in [Bro09]), such that the metric determinant is constant in
time and given by its initial value. Thus instead of fixing a numerical condition on the
determinant of the conformal metric, one requires it to be equal to the determinant of
some other metric, called background metric γ̂. It is then taken as simple as possible, and
is in the following assumed to be flat (vanishing curvature, but not necessarily vanishing
1

Considering a fixed t instead of a fixed initial data set can be made to yield an automorphism of S,
and the time evolution then would correspond to a curve through the (infinite-dimensional) automorphism
space.
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Christoffel symbols). Eq. (10) means that γ̂ is glued to the coordinates on the hypersurfaces, which makes the implementation of, e.g., spherical polar coordinates natural (where
one takes γ̂ to be the flat metric in spherical polar coordinates with det γ̂ = r4 sin2 ϑ 6= 1).
In any case the conformal factor now becomes a scalar field.
By a trace-free version (TF) of a 2-tensor Tij the expression Tij − 31 γij tr T is meant.
Define
Aij := (Kij )TF
and
Aij =: e4ϕ Ãij
These definitions in the ADM equations yield
1
Lm ϕ = − αtr K +
6

1
D̃i β i
6

(11)


1
2
Lm tr K = −D Di α + α Ãij Ã + (tr K) + 4πα(E + tr S)
3
2
Lm γ̃ij = −2αÃij − D̃k β k γ̃ij
3
Lm Ãij = αtr K Ãij − 2αÃik Ãk j + e−4ϕ (−Di Dj α + α(Rij − 8πSij ))TF
i

ij

(12)
(13)

where γ̃ ij Lm γ̃ij = Lm ln det γ̃ has been used and D̃i denotes the covariant derivative with
respect to the conformally related metric γ̃.
The term Di Dj α can be expressed via D̃:
Di Dj α = D̃i D̃j α − 4D̃(i αD̃j) ϕ + 2γ̃ij D̃c αD̃c ϕ

(14)

which gives
−4ϕ

Lm tr K = −e






1
2
ij
D̃ D̃i α + 2D̃ αD̃i ϕ + α Ãij Ã + (tr K) + 4πα(E + tr S)(15)
3
i

i

The Ricci tensor Rij is a function of the metric γij , its inverse, and its first and second
derivative. Denoting it as a functional of the metric, one obtains the reformulations
Ric[γ]ij = ∂a Γaij − ∂j Γaai + Γasa Γsij − Γasj Γsai
(16)

1
= − γ am (∂m ∂a γij − ∂i ∂a γmj − ∂m ∂j γia + ∂i ∂j γma ) + γ am Γria Γrmj − Γrij Γrma
2


1
= − γ am ∂m ∂a γij + γk(i ∂j) γ am Γkam + γ am Γkam Γ(ij)k + γ am Γria Γrmj + 2Γkm(i Γj)ka
2
(17)
where the second line can be shown by inserting the expressions for Christoffel symbols
in terms of the metric derivatives, and the third line by expanding the double derivative
and collecting terms. Observe that
γ am Γiam ≡ −∂m γ im
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Having now a conformally rescaled metric the Ricci tensor can be expressed
Ric[γ] = Ric[e4ϕ γ̃] = Ric[γ̃] − 2D̃i D̃j ϕ − 2γ̃ij D̃k D̃k ϕ + 4(D̃i ϕ)(D̃j ϕ) − 4γ̃ij (D̃k ϕ)(D̃k ϕ)
Equation (13) then becomes (denoting Ric[γ̃]ij =: R̃ij and using (14))
2
Lm Ãij = − Ãij D̃k β k + αtr K Ãij − 2αÃik Ãk j
3

TF
+ e−4ϕ −D̃i D̃j α + 4D̃(i αD̃j) ϕ − 2αD̃i D̃j ϕ + 4α(D̃i ϕ)(D̃j ϕ) + α(R̃ij − 8πSij )
(18)
The principal symbol of (8), which comes from the Ricci tensor (17), is up to factors
given by
1
− γ̃ am ∂a ∂m γ̃ij − γ̃k(i ∂j) ∂l γ̃ kl
2
The first term is a Laplace operator; would it be present alone, it would yield a well
understood wave equation. The second term however could be hidden by considering the
quantities [BS98] γ̃ am Γ̃kam ≡ −∂m γ̃ im as independent variables and would seize to be a
second derivative, restoring the Laplace operator. Unfortunately these objects would not
transform as contravariant vectors. Instead in [Bro09] the quantities
1
∆kij := Γ̃kij − Γ̂kij ≡ γ̃ kl (D̂i γ̃lj + D̂j γ̃il − D̂l γ̃ij )
2
are introduced, where Γ̂kij are the Christoffel symbols of the background metric γ̂. ∆ijk
are true tensor fields. Replacing Γ̃kij in Ric[γ̃] (from (16)) and using
∆kik ≡ 0
and Ric[γ̂] = 0 (recall that the background metric is assumed flat) one obtains
R̃ij = D̂k ∆kij − ∆kil ∆lkj
1
1
= − γ̃ kl D̂k D̂l γ̃ij + γ̃k(i D̂j) Γ̃k − D̂k γ̃l(i D̂j) γ̃ kl − D̂k γ̃ kl D̂l γ̃ij − ∆kil ∆lkj
2
2

1 kl
k
k
kl
m
= − γ̃ D̂k D̂l γ̃ij + γ̃k(i D̂j) Γ̃ + Γ̃ ∆(ij)k + γ̃ 2∆m
k(i ∆j)ml + ∆ik ∆mjl
2

(19)

The definition of the additional quantities now involves a contravariant vector:
Γ̃k := −D̂j γ̃ ij

(20)

The evolution equation for Γ̃k is found using the evolution equation for γ̃ij :
1
2
Lm Γ̃i = D̂k β k Γ̃i + γ̃ jk D̂j D̂k β i + D̂i D̂k β k − 2Ãij ∂j α
3
3
4
ij j
jk i
− 16παγ̃ p + 2αÃ ∆ jk + 12αÃij ∂j ϕ − αγ̃ ij ∂j tr K
3
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(21)

More details concerning the derivations can be found in Chapters 7, 10 and 11 of [Gou12]
as well as in the original publications.
The BSSN system consists of the equations (11), (12), (15), (21), and (18) with (19)
for the variables ϕ, K, Γ̃k , γ̃ij and Ãij with
det γ̃ = det γ̂

(22)

ij

γ̃ Ãij = 0
and (20) as additional constraints.

2.6

Choice of coordinates

The BSSN system must be supplemented with equations for α and β. In principle the
choice α = 1, β = 0 (called geodesic slicing and normal coordinates) is a valid one. It
also belongs to the family of algebraic conditions and thus can be used without solving
any equations.
However the disadvantage of α = 1 is that if a singularity is present such coordinates
typically will hit it and make the code crash (recall that observers reach the Schwarzschild
singularity in finite proper time). Thus different conditions on how to relate the different
slices have been invented. Here the prescription, called 1 + log [BMSS95],
∂t α = −2α tr K

(23)

is used. Observe that the β-term that would have been obtained from writing Lm α on
the left hand side has been omitted (both versions are in use in the literature). If β ≡ 0
then the above equation reduces to ∂t α = ∂t ln det γ, hence the name. However, its use
does not depend on the value of β. Although singularity avoidance is not guaranteed
for the 1 + log slicing (actually the contrary has been shown in [Alc97]), it is used very
successfully in simulations.
Given coordinates on some initial slice, β determines how they will look like on all of
the foliation. Normal (or Eulerian) coordinates given by β = 0 are quite useful and also
very simple. Another prescription (Gamma-driver [ABD+ 03]), in use here, is
∂t β i = B i
3
∂t B i = ∂t Γ̃i
4

(24)
(25)

For details on these and other important coordinate evolution schemes the reader is referred to Chapter 10 of [Gou12].

2.7

General relativistic hydrodynamics

The equations to solve are the continuity equation
∇α (ρ0 uα ) = 0
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and the conservation of the energy-momentum tensor T αβ = ρ0 huα uβ + 4g αβ P
0 = ∇β T αβ
with uα the four-velocity of the fluid, ρ0 the rest-mass density, h = 1 +  + ρP0 the enthalpy,
P the pressure, and  the specific internal energy. The double projection of the energymomentum tensor ((2)) onto the normal is then given by E = ρ0 hW 2 − P with W :=
−na ua being the Lorentz factor between a normal observer and the fluid. For efficient
implementation using shock-capturing schemes (see Chapter 3) the equations have to be
kept in this form, highlighting conserved quantities and their fluxes. At the same time
they have to be expressed in the 3 + 1 formalism.
Writing the divergence in the continuity equation as
p
1
∂α ( − det 4gρ0 uα )
0= p
− det 4g
p
√
and using − det 4g = αe6ϕ det γ̃ one obtains for the spatial part of (26)
s
!
p
p
det
γ̃
det γ̂αe6ϕ
ρ 0 uj
∂j (αe6ϕ det γ̃ρ0 uj ) = ∂j
det γ̂
s
!
p
det
γ̃
= γ̂ D̂j αe6ϕ
ρ 0 uj
det γ̂

(26)

and for the full continuity equation
s
s
!
!
det
γ̃
det
γ̃
0 = ∂t e6ϕ
d + D̂j (fd )j = ∂t e6ϕ
d + ∂j (fd )j + (fd )j Γ̂kjk
det γ̂
det γ̂
with
d := W ρ0

density seen by normal observer


det γ̃
βi
j
6ϕ
i
(fd ) := αe
d v −
det γ̂
α

 b
u
βb
v a := γ a b
+
fluid velocity for normal observer
W
α
s

The background metric γ̂ thus introduced in [MBM14] allows one to write all quantities
as tensors. The continuity equation is expressed in what is called conservation form (see
Sec. 3.5) with a source term.
Analogously, the energy equation is obtained as
s
!
det
γ̃
∂t e6ϕ
τ + ∂j (fτ )j = sτ − (fτ )k Γ̂jjk
det γ̂
23

for
τ := W 2 ρ0 h − P − d

internal energy seen by normal observer

and, with more effort, the Euler equation
s
!
det
γ̃
Si + ∂j (fS )i j = (sS )i + (fS )k j Γ̂kji − (fS )i k Γ̂jkj
∂t e6ϕ
det γ̂
for
Si := αTi t = W 2 ρ0 hvi

momentum density seen by normal observer

For the definitions of the fluxes and the source terms in these cases the reader is referred
to [MBM14].
Apart from removing tensor densities of non-zero weight, this formulation has a numerical advantage. A well-known problem concerning the Euler equation in non-Cartesian
coordinates is that even in the absence of any flow the fluxes are non-zero due to a(n albeit
spatially constant) pressure term. Analytically, this term is canceled by the source term
such that the quantities do not change. On Cartesian grids, the Riemann solver performs
the calculation exactly, as the two states of the Riemann problem are precisely the same.
However, on curvilinear grids the flux is modified by a geometric factor, and the Riemann
problem becomes non-trivial. Evidently the cancellation does not happen accurately any
more; on a spherical polar grid typically errors grow fastest in the vicinity of the origin
and make the code crash. Although but a specific setup the ability of the code to deal with
it correctly is considered of paramount importance for the overall performance. In the
approach presented here these terms are canceled by the background metric determinant
because of (22) and the fluxes become spatially constant again.

2.8

Summary

The 3+1 decomposition is assumed to be possible for a large variety of physically relevant
spacetimes. After the decomposition of the Einstein equations one ends up with conditions for every hypersurface (i.e. for the initial data) and with prescriptions about how the
quantities vary from hypersurface to hypersurface. This is a very familiar situation, comparable for example with incompressible hydrodynamics in 3 dimensions, which involves
one constraint and one evolution equation. The mathematical structure of the equations
is, however, very different and depends on the way additional variables are introduced and
information from the constraint equations is built into the evolution equations. The same
is true with respect to the performance in numerical simulations. In this case coordinates
are typically evolved in time: whereas α expresses how the proper time of an Eulerian
observer varies from slice to slice, β reflects the coordinate evolution from slice to slice.
Physics cannot provide evolution prescriptions for α and β.
24

3

Numerics of hyperbolic conservation laws

Attempts to solve partial differential equations by
finite-difference methods often end in disaster.
C.W. Hirt, [Hir68]

3.1

Weak solutions

True discontinuities are not expected to exist in physics2 . In hydrodynamics the observed
phenomenon of a shock wave is in this sense not an exception (the transition zone being
roughly of the size of the mean free path). Despite them not being discontinuous (and
belonging to scales not resolvable by a continuum approach), the usual mathematical
model of hydrodynamics can be adjusted to encompass discontinuous solutions that turn
out to predict the behaviour of shock waves very well.
It was observed that (systems of) nonlinear conservation laws
∂t q(t, x) + divf (q(t, x)) = 0,

q : R+ × Rn → R,

f : Rn → Rn

(27)

may, for given smooth initial data q(0, x), not admit smooth solutions for all times and
develop discontinuities.
The need for discontinuous (and thus non-differentiable) solutions to partial differential
equations made an extension of the notion of a solution necessary. As in distribution
theory the central idea is to integrate over test functions. Multiply equation (27) (setting
n = 1 to save a tree) by ϕ ∈ C 1 , a differentiable function that shall vanish outside x ∈ ]a, b[
and for t ≥ T , and integrate over it:
Z bZ T h
i
∂t q(t, x) + ∂x f (q(t, x)) ϕ(t, x) dxdt
0=
a
0
Z b
Z bZ T
=−
q(0, x)ϕ(0, x) −
u(t, x)∂t ϕ(t, x) + f (q(t, x))∂x ϕ(t, x) dxdt (28)
a

a

0

Being valid for classical solutions, this result can be used to define a weak solution, i.e.
any bounded and measurable (for the integrals to exist) function q(t, x), such that (28)
is true for all ϕ as defined above. Further discussion of this concept can be found in
[Smo83]. Note that weak solutions are in general not unique.
System (27) is called (strongly) hyperbolic, if any real linear combination of the Jacobian matrices ∂fi /∂q is diagonalizable and the eigenvalues are (distinct and) real. Physically, these eigenvalues express the existence of finite information propagation speeds.
2

In the sense that given some discontinuity that arises in a mathematical model of some real world
problem it is expected that there exists a more complete model which does not contain the discontinuity
any more.
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It is to be noted that the hyperbolic part of the Einstein equations (see Section 2.4.5)
is an example of a system of nonlinear equations that does not develop discontinuous solutions from smooth initial data, because, in contrast to the Euler equations, the “derivative” of the discontinuous quantity is not multiplied by this quantity again ([BPL05], Sec.
1.2.3). This is reflected in the notions of being genuinely nonlinear or merely linearly
degenerate. In the latter case discontinuities do not arise from smooth initial data, and if
present from the beginning, propagate as contact discontinuities and not as true shocks.

3.2

Discretization and notion of convergence

The concept of a limit, central to the domain of analysis, cannot be easily taken over
by the computer. Although there exist programs able to handle formulae symbolically
and to compute limits, derivatives and integrals, they are not yet able to derive general
solutions to the hydrodynamical or Einstein equations. The usage of a computer restricts
itself to approximations, a domain called numerical analysis. If the code shall be general,
one faces two different problems – how to express a function, if not by symbols and how
to compute an approximation to the solution of a differential equation, i.e. by what to
replace derivatives.
The first problem can be solved by at least two different approaches: a function is given
either by a finite number of point values or by a finite number of expansion coefficients
in a given basis, both processes called discretization. The usage of the second method
is the prerogative of spectral methods. We stick here in principle to the first one, and
compute values on fixed positions in space, a computational grid, and at (not necessarily
equidistant) points in time. The distance between adjacent points in time is called a
time step and is normally denoted by ∆t. The distance between adjacent points on the
same coordinate is called analogously, depending on how the coordinate is called. In this
introductory chapter ∆x will serve as a generic grid spacing. The conceptual difference
between the exact solution q(t, x), the numerical continuous solution q̂(t, x) (unknown)
and point values (e.g.) qin = q̂(n∆t, i∆x) can be made explicit in notation, but is often
suppressed (see Fig. 2). Of course the number of spatial indices has to match that of the
spatial dimensions and the position of the i-th cell may be slightly different according to
the application. ∆x(i + 1/2) is much in use. Note that indices3 referring to time are the
upper ones.
The way a function is approximated clearly influences the possible choices of an approximation to a derivative. First of all however, given only a finite number of point
values of a general function, there is no way to calculate its derivative, as the concept
of a derivative needs not only the point, but an open neighbourhood. In fact, it is impossible even to find out, whether the function is differentiable. Given a finite number
of points it is always possible to construct both a smooth function and a function with
as many discontinuities as one wishes. As is also well known just the smooth function
passing through a finite number of points is not unique (e.g. if there is a polynomial going
3

Confusion with differential geometric indices is not possible, because explicit discretization formulae
for geometric quantities will never be written down.
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through all the points, there is a countable infinity of others of higher degree doing the
same).
If more information is given about the functions that are to be approximated, it might
be known that derivatives exist and it is possible to find approximations to them. A
standard assumption, silently assumed in many treatments of finite differencing, is that
the true function is real analytic, i.e. a function f whose Taylor series
∞
X
1 k
(∂x f )(x0 )(x − x0 )k
T [f ] :=
k!
k=0

in x0 exists for all x0 in its domain of definition and converges to f (x) in a neighbourhood
of x0 . Clearly, f must be smooth.
One pathological example is the analytic function (1+x2 )−1 , which is smooth, but a Taylor series
in 0 does not converge outside |x| > 1. This explains why the definition assumes convergence
only in a neighbourhood of x0 . Another one, e−1/x (for x > 0), can be continously, in fact
smoothly, extended to be zero for all x ≤ 0, and thus can be made smooth on the whole real
line, but turns out not to be analytic in 0. There, its Taylor series must vanish identically,
thus existing and converging, but failing to converge against f (x) in any neighbourhood of
0. There also exist functions, that are smooth and non-analytic everywhere. Note that even a
countably infinite number of points is not sufficient to identify a unique analytic function passing
through all of them. For example there is an infinity of cos-functions passing through the points
{(2πn, 1) : n ∈ Z}.

The class of analytic functions is rather restricted, and for the same reason a standard
tool in numerical analysis. Assuming T [f ](x) = f (x) one can for example calculate error
bounds for the forward finite differencing:
∞

f (x + h) − f (x) X 1 k
=
(∂x f )(x)(h)k−1 = (∂x f )(x) + O(h)
h
k!
k=1
where f ∈ O(F ) means lim supx→∞ Ff < ∞, i.e. the asymptotic behaviour of f and F
is the same but for a finite factor. Having an approximation O(hr ) will be paraphrased
as having an r-th order method or converging at r-th order. For analytic functions an
approximation in the sense of a Taylor series is the same as the derivative of the interpolating polynomial (of suitable degree). For non-analytic functions an interpolation is in
principle still possible, but no error bounds or convergence rates can be given4 .
As a matter of vocabulary, the points used for approximating a certain quantity (e.g.
x and x + h for the derivative at x above) are referred to as a stencil.
4

Here convergence refers to the limit ∆x → 0. Another important limit is the study of how a function
is approximated by polynomials of increasingly higher order, without changing ∆x. For continuous functions, the Stone-Weierstrass theorem guarantees the existence of a sequence of polynomials that converge
uniformly. Unfortunately, it is easy to find examples where sequences of polynomials interpolating a
smooth function on equally spaced sampling points do not converge at all (Runge’s phenomenon).
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3.3

Total variation

The above way to think about convergence was heavily making use of analytic functions.
The discontinuous solutions arising in nonlinear conservation laws are, contrary to how
they have been defined, not treated differently from the differentiable ones when it comes
to numerics. Applying the same formulae then leads to errors similar to the oscillatory
Gibbs phenomenon known from Fourier series approximations of a discontinuity. To
measure these oscillations the concept of Total Variation (TV) has been introduced. Given
a set of point values qi ∈ R it is defined as
X
TV(q) =
|qi+1 − qi |
i∈I

where the sum extends over an appropriate index domain I. For simple, i.e. linear conservation laws this notion gives useful tools for constructing methods that avoid spurious
oscillations at discontinuities, as it turns out that the true solution is such that its5 TV
decreases with time. This property is called TVD (Total Variation Diminishing, actually
meaning non-increasing) and has been used widely since [Har83]. An extension of this
method to systems of nonlinear conservation laws is difficult, because the true solution
is itself not TVD, as can be seen in certain shock collision solutions. An incorrectly oscillatory behaviour can not only affect relevant parts of the flow and thus possibly alter
the results of a simulation, it can also make the density or the pressure violate their
positiveness conditions, thus making the code crash.
This problem is responsible for the fact that even the simplest first-order schemes are
not proven to converge for general systems of conservation laws. A discussion of these
problems can be found in [LeV02]. Thus, although one cannot expect a method to perform
well in hydrodynamics, if it does not for linear conservation laws, once it is doing well on
them, one has to hope that it also will in the nonlinear case. An extensive testing of the
code increases the confidence, but cannot give absolute guarantee.

3.4

Stability

Stability of hyperbolic conservation laws is a concept tightly related to what in real life is
called causality. The word itself comes from the fact, that for certain values of C := ∆x/∆t
the numerical solution is found to increase in absolute value without bound. For a linear
equation a plane wave analysis can be performed, thus identifying the unstable modes and
conditions on C. Physically speaking C is a velocity and typical results of this plane wave
analysis can be interpreted as conditions that the fastest waves shall not be faster than C,
i.e. shall not cross more than one cell in one time step. This view is of limited use when
applied in the context of implicit time integration (see Section 3.7). Also in non-Cartesian
geometries of the grid this view should not be taken too seriously. The condition relating
∆x with ∆t is called Courant(-Friedrichs-Lewy)- or CFL-condition [CFL28].
5

The total variation of arbitrary functions invokes the same formula over all subdivisions of the real
line (in order to account for possible discontinuities present), and takes the sup of them. For differentiable
functions it reduces to the L1 -norm of the derivative.
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Additionally the stencil must be oriented in such a way, that information is taken
from upstream regions. This is referred to as upwinding, and implies some effort when
dealing with nonlinear systems, as they might not have one single direction of information
propagation. [vL06] is an interesting review of arguments in favor of upwinding.
Stability, just as convergence, is much easier to show for scalar problems. An extensive
discussion of various stability concepts can be found in [LeV02]; for general systems,
however, again no method is proven to be stable.

3.5

Conservativity, entropy and Riemann solvers

One algorithm that has attracted a lot of interest has been proposed by Godunov in
1959 ([God59]). It is the prototypical finite volume method. The idea is to integrate
the conservation law over a cell6 C =: [xi− 1 , xi+ 1 ] and a time step [tn , tn+1 ] to obtain the
2
2
integral form of Eq. (27):
Z

n+1

q(t
C

Z
, x) dx −

Z

n

tn+1

f (q(t, xi+ 1 ) dt −

q(t , x) dx +

2

tn

C

Z

tn+1

tn

f (q(t, xi− 1 ) dt = 0
2

or, defining cell and flux averages,
1
hq i :=
∆x

Z

1
f¯i+ 1 :=
2
∆t

Z

n

q(tn , x) dx

C
tn+1

tn

f (q(t, xi+ 1 ) dt
2

one has
hq n+1 i − hq n i f¯i+ 12 − f¯i− 12
+
=0
∆t
∆x
which, although being an exact expression, looks very much like a discretized equation.
The paradigm is, via this procedure, to give the discrete numerical values a precise meaning, namely that of cell-averaged quantities. The change of the cell average (or content)
is given by time-integrated fluxes over the boundaries. All of the numerics then lies
in their approximation. A scheme following this procedure is called conservative or in
conservation form.
A theorem by Lax and Wendroff ([LW60]) states that the numerical solution, if it
converges, converges to a weak solution of the conservation law in the limit of vanishing
grid spacing, provided it is computed with a conservative method (further details can be
found in the proof given in [LeV02], Chapter 12). If the weak solution is not unique, then
different grid refinement sequences may converge to different solutions. The wish for a
physically relevant solution to be unique can be expressed via an entropy condition, inspired by the Second Law of Thermodynamics, because it turns out that in gas dynamics
uniqueness can be achieved by discarding all shocks which are decreasing the entropy.
6

xi is taken to refer to the cell center and the one-dimensional grid is assumed equidistant.
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Entropy conditions may also be obtainable for equations without a thermodynamic context. In general, if the weak solution becomes unique and it is possible to show that by
refining the grid the numerical solution always will fulfill the entropy condition (entropy
consistency), the Lax-Wendroff theorem implies convergence to the physically relevant
solution. Still however, the numerical solutions need to first converge at all.
Godunov proposed to calculate the fluxes from the solution of the Riemann problem
at each cell boundary, the two constant states involved being taken to be the cell averages.
The solution to Riemann problems in hydrodynamics turns out to depend only on x/t,
x being the distance from the initial discontinuity, where the flux must be constant for
all times. This simplifies the calculation a lot, as the time-averaging can be performed
formally without knowing the exact solution. The same procedure can be worked out
for linear scalar conservation laws and reduces to first-order schemes known as donorcell methods. It also incorporates upwinding and stability conditions automatically and
has been shown to be entropy consistent. An algorithm calculating the flux at the cell
boundaries by solving local Riemann problems is called a Riemann solver.

Figure 2: Summary of the discretization procedure. Blue line: Exact solution q(t, x). Red dots:
numerical solution qin defined on a discrete subset of the real line (marked by crosses). In a conservative setting these values are given the meaning of cell averages. The introduction of a numerical
continuous solution (q̂(t, x), green line), somehow inferred from the discrete one, is often a good
way to come up with a numerical scheme. In Godunov’s method it is taken to be piecewise constant.
Exact solutions of the resulting Riemann problems at cell boundaries as well as subsequent averaging
are used. Higher order methods would employ polynomial interpolation of the cell averages and
would have to treat more complicated, generalized, Riemann problems.

Subsequently approximate Riemann solvers came up, e.g. Roe’s [Roe81] and the HLLfamily [HLL83]. It is clear that using cell averages as input for the Riemann problem is
a crude approximation (responsible for the scheme to be only first-order accurate). The
effort of calculating an exact solution out of approximate data has been recognized as
unnecessary and approximate Riemann solvers are often used instead of the exact ones.

3.6

Higher-order methods

In order to increase the order of the scheme a procedure called reconstruction is invoked, first proposed in a series of papers presenting second order schemes by van Leer
[vL73]–[vL79], and independently by [Kol11], with subsequent increases of the order: PPM
[CW84] (third order), ENO/WENO [HEOC87], [SO88], DG [CS98], ADER [DET07] (arbitrary order). The only information known when using a conservative scheme are the
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cell averages – how the function varies inside the cell thus cannot be uniquely determined
and the generalized Riemann problem (non-constant states separated by a discontinuity)
cannot be posed.
Although a true reconstruction is not possible, a(n educated) guess of the subgrid
structure may lead to higher order performance. Here again highly satisfactory results
can be obtained for linear conservation laws. Naturally one assumes a subgrid model of
increasingly high-order polynomials, such that they interpolate the known averages over a
certain number of cells. This is sometimes referred to as conservative interpolation. Thus,
the subgrid model in one cell depends on the cell averages in the neighbouring cells. The
solution of such polynomial Riemann problems can be worked out for linear equations;
for hydrodynamics very often the adapted procedures, e.g. in [vL79], [CW84], are to take
the values at the boundary, change them by some kind of predictor step and use them as
input in the Riemann solver as if they were the two constant states of a usual Riemann
problem. There exist generalized Riemann solvers, computing the solution for higher
order polynomials ([BAF84] , [TMN01]), but they are computationally more involved.
Certain methods ([HEOC87], [SO88], [LOC94]) do not use Riemann solvers and can more
easily be extended to higher order.
In order to avoid the oscillatory behaviour, naturally appearing when a polynomial
is interpolated over a discontinuity, heuristic algorithms recognize potentially unwanted
oscillations (in the framework of TVD) and reduce the order of the subgrid interpolation
back to constant states. It is of course not possible, given only finitely many values, to
distinguish a steep slope from a discontinuity; thus there seems no hope for a non-heuristic
approach to be found. TVD schemes typically perform worse at local extrema.

3.7

Time integration

Time is different from the spatial coordinates because of the nature of the equations: the
Cauchy problem that one is normally facing in hydrodynamics means for many practical
applications knowing the solution everywhere7 in the spatial domain at one point in time.
Thus, one must differentiate in space and integrate in time, i.e. just one-dimensionally,
and Runge-Kutta (RK) schemes suggest themselves. This method is sometimes referred
to as method of lines. Even for a given order, there are different families of Runge-Kutta
schemes, and some of them have been suggested to perform better with hyperbolic PDE,
as e.g. the TVD-RK schemes in [GS98]. Apart from the order an important distinction
of RK-schemes is whether they are explicit or implicit ones. The former give the solution
at the next time step as a function of the solution at a number of previous ones, whereas
implicit schemes relate the solution at the next time step to those of the previous ones
in a non-explicit manner (hence the name). Consider for example forward differencing in
d
a(t) = f (t, a(t)), where a(t) is the unknown function and we call an a
time of the ODE dt
numerical solution at time tn = n∆t. There are two first-order possibilities to discretize
in time:
an+1 − an = ∆tf (tn , an )
7

or

an+1 − an = ∆tf (tn+1 , an+1 )

In general the initial data must be provided for one hypersurface.
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where the latter one cannot be solved explicitly for an+1 for general f . The advantage
of implicit RK-schemes is that they often remain stable with unconstrained ∆t, but it
should still be chosen sufficiently small enough in order to resolve the time-variation of
the flow. This time step however might still be much larger than cell-crossing times of
sound waves. Of course, in general, they need additional time to perform the implicit
integration, and the question of superiourness cannot a priori be answered in favor of one
or the other scheme. As will be discussed later (see Section 4.2), certain difficulties in
spherical polar coordinates can be overcome by using a scheme that is partially implicit,
but does not need additional iterations to be performed.

3.8

Multiple dimensions

Following the tradition of textbooks on numerical methods in hydrodynamics most of time
has been spent explaining the concepts for spatially one-dimensional equations, which are
rarely of big practical interest. Given the divergence of the flux, the time integration in any
number of spatial dimensions however proceeds as before when using RK-schemes. The
only truly new problem is that if multidimensional discretization of derivatives. In finite
difference codes it is basically just a matter of bookkeeping. Here, truly multi-dimensional
stencils are possible, as they are in use for the discretization of the Laplacian. For finite
volume methods, unfortunately, multi-dimensional Riemann solvers are complicated and
expensive even for linear equations and one is usually forced to solve three one-dimensional
Riemann problems instead.
In the early days of time integration, one could quickly augment a given one-dimensional
hydrodynamics code to a multi-dimensional one by making consecutive one-dimensional
time integration steps for each direction, something called directional splitting. This has
become obsolete with RK-schemes, but a certain dimensional splitting is still present at
the level of Riemann solvers.
Multi-dimensional equations typically are given as systems, and thus less theoretical
knowledge is available about the schemes that are used.

3.9

Summary

Numerical methods in hydrodynamics and relativity are extensively used because of the
complexity of the equations. Since the 1970s a lot of effort has been put into the development of numerical schemes that resolve shocks sharply and automatically. This has also
given time to fill the theoretical gap of missing convergence proofs by extensive practical
performance studies.
When it comes to compressible gas dynamics the derivatives must be approximated by
special procedures. Given the interpretation as a conservation law even for the discretized
equation, the numerical values are seen as cell averages. To compute a function that
interpolates them is a slightly different procedure than interpolating point values. Because
of the possible presence of discontinuities very steep changes in the computed values are
interpreted as shocks and low-order interpolations are employed there in order to avoid
oscillatory behaviour.
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In pure spacetime evolution neither the interpretation as conservtion law is used in
practice nor are there discontinuous solutions to be treated differently. Thus the usual
finite difference formulae can be used directly, central and at least fourth-order schemes
are found to give good results.
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4

Spherical polar coordinates and the Yin-Yang grid

Why with the time do I not glance aside
To new-found methods and to compounds strange?
William Shakespeare, Sonnet 76

4.1

Geometry of the Yin-Yang grid

The Yin-Yang grid [KS04] is depicted in Fig. 3. For every 2sphere in the spherical polar grid the patch consisting of
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π 7π
,
×
,
(ϑ, ϕ) ∈
4 4
4 4
covers its complement when subject to rotation


−1
π 
1  = Rz (π) ◦ Rx
R := 
2
1
with R ∈ SO(3) and self-inverse.
Each patch has an area of √32 π h 0.53 · 4π.
Figure 3:
The two
The two patches define two coordinate systems for points on patches of a Yin-Yang
the sphere. Indeed, the rotation so far moving one point on the grid.
sphere can be equally thought of as relating two different points,
which have the same values of angular coordinates in two different
coordinate systems. The position of every point on the sphere can
be expressed with two different angles:


  




− cos ϕ̃ sin ϑ̃
cos ϕ̃ sin ϑ̃
cos ϕ sin ϑ
x
 = r R  sin ϕ̃ sin ϑ̃ 
r  sin ϕ sin ϑ  =  y  = r 
cos ϑ̃
cos ϑ
z
sin ϕ̃ sin ϑ̃
cos ϑ̃
Because of R2 = id it is not necessary to specify which patch shall use the tilded quantities.
From this equality different kinds of relations between the two sets of angles can be
deduced:
cos ϑ̃ = sin ϕ sin ϑ, and also cos ϑ = sin ϕ̃ sin ϑ̃
cos ϕ̃
cos ϕ
− cos ϕ sin ϑ
which gives
=−
cos ϕ̃ =
sin ϑ
sin ϑ̃
sin ϑ̃
cos ϑ
cos ϑ̃
tan ϕ̃ =
as well as tan ϕ =
− cos ϕ sin ϑ
− cos ϕ̃ sin ϑ̃
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(29)

(30)

all of which can be found by considering certain components of the vectors or dividing
them by each other.
In order to obtain the transformation matrix for vector components write first down
the unit vectors: er = er̃ ,








− cos ϕ̃ cos ϑ̃
cos ϕ cos ϑ
− sin ϕ
sin ϕ̃
 , eϕ =  cos ϕ  , eϕ̃ =  0 
eϑ =  sin ϕ cos ϑ  , eϑ̃ = 
− sin ϑ̃
− sin ϑ
0
cos ϕ̃
sin ϕ̃ cos ϑ̃
and note the following identity
v = v r er + v ϑ eϑ + v ϕ eϕ = v r̃ er̃ + v ϑ̃ eϑ̃ + v ϕ̃ eϕ̃
for arbitrary vector v.
The special case v ϑ = v ϕ = 0 gives v r = v r̃ , because er̃ = er and both frames
are orthonormal. It is useful to consider the y-component of this vector equation first
because it does not involve eϕ̃ :
−v ϑ̃ sin ϑ̃ = v ϑ sin ϕ cos ϑ + v ϕ cos ϕ
cos ϕ
cos ϕ
sin ϕ cos ϑ
− vϕ
= −v ϑ sin ϕ sin ϕ̃ − v ϕ
v ϑ̃ = −v ϑ
sin ϑ̃
sin ϑ̃
sin ϑ̃
where cos ϑ = sin ϕ̃ sin ϑ̃ was used for the last equality.
Consider now the combination v x sin ϕ̃ + v z cos ϕ̃, which is, up to the decoupling rsubspace
v ϕ̃ = v ϑ (sin ϕ̃ cos ϕ cos ϑ − cos ϕ̃ sin ϑ) + v ϕ (− sin ϕ̃ sin ϕ)

 2
cos ϕ sin2 ϑ
cos ϑ
ϑ
cos ϕ +
+ v ϕ (− sin ϕ̃ sin ϕ)
=v
sin ϑ̃
sin ϑ̃
cos
ϕ
= vϑ
+ v ϕ (− sin ϕ̃ sin ϕ)
sin ϑ̃
where sin ϕ̃ = cos ϑ/ sin ϑ̃ and cos ϕ̃ = − cos ϕ sin ϑ/ sin ϑ̃ were inserted. This finally gives
the matrix
 r̃  
 r 
 r 
1
0
0
v
v
v
 v ϑ̃  =  0 − sin ϕ sin ϕ̃ − cos ϕ/ sin ϑ̃   v ϑ  =: M  v ϑ 
(31)
ϕ
ϕ
ϕ̃
v
v
v
0 cos ϕ/ sin ϑ̃ − sin ϕ̃ sin ϕ
Another way to think of the matrix is to use the basis vectors er , eϑ , eϕ :
v β̃ = eβ̃ α v α
where the element eβ̃ α stands in the β̃-row and in the α-column:
 r̃

e r er̃ ϕ er̃ ϑ
(eβ̃ α ) =  eϑ̃ r eϑ̃ ϕ eϑ̃ ϑ 
eϕ̃ r eϕ̃ ϕ eϕ̃ ϑ
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and the indices run over the r, ϑ, ϕ-coordinates.
eβ̃ α also is the β̃-component of the eα unit vector.
cos ϕ̃
cos ϕ
The property
=−
assures that the inverse transformation is obtained by
sin ϑ
sin ϑ̃
just changing from primed quantities to unprimed ones. It acts as
v α = eα β̃ v β̃
with the same convention, that the first (or upper) index denotes the row. M is orthogonal,
i.e. its inverse is the transpose (M−1 = MT ). Due to its special structure the inverse has
the same elements but for a sign off the diagonal:
eα α̃ = eα̃ α

eα β̃ = −eβ̃ α

whenever α 6= β

Covariant tensors of rank 2 (like the metric) transform via
gµ̃ν̃ = gµν eµ µ̃ eν ν̃
using the inverse transformation:
T

g̃ = M−1 gM−1 = MgM−1
As each patch, once set up, is by itself a part of (mutually misaligned) spherical polar
coordinate systems, the evolution of the quantities is unaffected by the introduction of a
Yin-Yang grid and is performed as it is described in [BMCCM13]. The time integration
differs only by the choice of the time step (4.2). Additional effort is needed to ensure
communication between the two grids (Sec. 4.3) and during initialization (Sec. 4.4).
Specific implementation details are given in Sec. 4.5.

4.2

Time step and integration

Spherical polar coordinates make various divergent factors, e.g. 1r , appear in the equations.
It has been found ([CCCD12]) that the stability of the time evolution of such terms can be
dramatically improved by introducing a Runge-Kutta method which is not fully explicit.
Consider for example the following system for two unknown functions u and v:
∂t u = R1 (u, v)
∂t v = S(u) + R2 (u, v)

(32)

with R1 and R2 being numerically well-behaved in u and v (call them regular) and S shall
contain the unstable terms (singular or stiff). Observe that S is assumed to depend only
on u, a fact tailored to the real application at hand to be discussed shortly.
The first part of the system is to be evolved explicitly, e.g. for a first order RK:
un+1 = un + ∆tR1 (un , v n )
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For the second part there is the choice whether to use un+1 or un . Observe that there is
no difference in computational cost. It is found that the scheme is performing in a much
better way, when the singular terms are evolved with the updated value un+1 :
v n+1 = v n + S(un+1 ) + R2 (un , v n )
This method is called PIRK (P artially I mplicit RK ).
The 2nd -order version
un+1/2 = un + ∆tR1 (un , v n )


1
1
n
n+1/2
n n
n+1/2
n
S(u ) + S(u
) + R2 (u , v )
v
= v + ∆t
2
2

1 n
un+1 =
u + un+1/2 + ∆tR1 (un+1/2 , v n+1/2 )
2

1
v n+1 = v n + ∆t S(un ) + S(un+1 ) + R2 (un , v n ) + R2 (un+1/2 , v n+1/2 )
2
is currently used.
In the system (11), (12), (15), (18), (21), (23), (24) and (25) the conformal metric
components, the conformal factor, the lapse and the shift (in (24)) are evolved explicitly
(like the quantity u in (32)). Then there are three quantities like v. First, the trace
and the traceless part of the extrinsic curvature are evolved partially implicitly using the
so far updated quantities. Then, secondly, the Γ̃k use them and the new values of the
curvature for partially implicit evolution. Finally the quantities B i are evolved partially
implicitly using the updated values of all the other quantities. Lie derivatives and matter
are treated explicitly. See Appendix B in [BMCCM13] for a detailed list of equations.
The CFL-condition can be taken in spherical polar coordinates as
c∆t
<1
mingrid (∆r, ∆r∆ϑ, ∆r∆ϕ∆ϑ)

(spherical polar)

where c is the largest speed of information propagation, being the speed of light in relativity. When setting the value of ∆t, the inequality is replaced by an equality and the right
hand side by some number smaller than one, which is given the name Courant factor.
The relevant length is inspired by the line element
d`2 = dr2 + r2 dϑ2 + r2 dϕ2 sin2 ϑ
and is dominated by the last term, a product of three small quantities. Thus keeping the
aspect ratio of the cells and increasing the resolution by a factor of two makes the code
run 26 = 64 times slower.
When using the Yin-Yang grid these restrictions are somewhat loosened. Observe that
the crucial product of three quantities is actually ∆r∆ϕ sin(mingrid ϑ), which reduces
to the given form for usual spherical polar coordinates. However in a Yin-Yang grid
sin(mingrid ϑ) does not depend on the resolution, being of the order of 0.7. Thus the
CFL-condition is now
c∆t
<1
(Yin-Yang)
mingrid (∆r, ∆r∆ϑ, ∆r∆ϕ sin(ϑ))
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which reduces the runtime by one order; keeping the example above, an increase by a
factor of two in resolution makes the code 25 = 32 times slower.
On the other hand, the theoretical speedup with respect to a code using normal
spherical polar coordinates with comparable resolution is of the order of 0.44Nϑ , with
Nϑ being the number of cells in ϑ-direction for a Yin-Yang code. Practically one cannot
expect this value to be reached exactly (due to extra work for interpolations and the
overlap region, where calculations are performed redundantly), but as this value increases
with increasing resolution, the Yin-Yang grid easily gives an order of magnitude speedup.

4.3
4.3.1

Boundary and parity conditions
Outer boundary conditions

In order the problem (27) to be well-posed boundary conditions have to be supplied, either
because they are needed on physical grounds or become necessary just because the domain
of definition of any numerical solution cannot be but a subset of the R3 . The domain of
calculation being a sphere in the case considered, values of the quantities outside some
given radius have to be provided.
For the Einstein equations Sommerfeld boundary conditions are imposed on an asymptotically flat space. This is, strictly speaking, not exactly achievable, as this concerns
values at infinity. Taking the outer boundary sufficiently far away one can however hope
to be able to approximate these conditions to sufficient precision.
For the hydrodynamical part sufficiently small values of the hydrodynamical quantities
are assumed outside the grid, such that anything that leaves the grid would propagate
outwards as a Sedov wave. This choice has not shown any undesired influence in applications. Astrophysical objects have a finite extent and outside of them some low density
atmosphere8 is assumed. This is the primary reason for defining the boundary conditions
in the same way. As the outer boundary is optimally placed very far from the object, no
relevant flow through it is expected.
4.3.2

Angular conditions

Due to the choice of coordinates it turns out that in comparison to a Cartesian grid more
work is necessary, when using spherical polar coordinates. Further distinction must be
made between polar coordinates with or without a Yin-Yang grid.
For the evaluation of stencils every cell has to have neighbouring values. Those cells
that would naturally not have any neighbours are provided with so called ghost cells
as neighbours (all others will sometimes be called valid cells). Thus during the actual
calculation one does not have to modify the finite difference formulae for cells near the
boundary, but provides the necessary values as fictitious neighbours.
Spherical polar grids Consider first the ϕ-direction and mind that in the computational space the grid has been torn apart and values at small angles do not close with
8

Numerical hydrodynamics codes in general do not handle vacuum well.
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(a)

(b)

Figure 4: Illustration of angular parity conditions. (a): ϕ-direction. (b) ϑ-direction.

values at 2π. The cells at the lower boundary of the computational space have thus to be
provided with information from the upper boundary, identifying a cell at negative angle
−ϕ with the cell at 2π − ϕ. An analogous situation holds for cells at the upper boundary
for ϕ ≥ 2π.
The angular boundaries in ϑ-direction are slightly more difficult and their treatment
is referred to as axis parity conditions. The cell located at a negative angle −ϑ and some
angle ϕ has to be identified with the cell at (ϑ, ϕ + π). However, in contrast to the case of
the ϕ-coordinate the basis of the tangent spaces to the sphere is changing discontinuously
when ϑ becomes negative. Indeed, the ϑ angle is always pointing towards the North pole,
and the ϑ-component of any smooth vector field experiences a switch of sign on a curve
going through the pole.
The value obtained directly from (ϑ, ϕ + π) would still be equipped with this minus
sign. However, componentwise interpolation only works when all the vectors inside the
stencil are expressed in a continuously varying basis (this statement is discussed in more
detail below). An extra minus sign must be given to the ϑ-component of the vector field,
when filling ghost cells at the axial boundary.
Yin-Yang grid When using the Yin-Yang grid evidently both these conditions are not
necessary and are replaced by conceptually simpler boundary conditions. The ghost cells
of each patch are filled by looking up the corresponding values on the other patch. In
general the cells of the two grids will not match exactly and the (ϑ̃, ϕ̃) pair of transformed
angles of some ghost cell located at (ϑ, ϕ) on one grid will not hit a pair of coordinates of
a cell of the other grid. A certain number of cells lying around this point, however, can
be used to gather information in order to interpolate a value to the desired location.
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Figure 5: Illustration of the look-up procedure. The red dot denotes a cell centered at (ϑ, ϕ), and
the black squares are the four neighbours of (ϑ̃, ϕ̃).

The interpolation coefficients depend on the relative position of (ϑ̃, ϕ̃) to the neighbouring cells, something known already in advance. These coefficients need to be calculated
once. The usage of 4 nearest cells makes a bilinear interpolation possible, and with e.g. 16
cells a fourth order interpolation can be obtained. Note that in presence of shock waves a
fourth order interpolation will produce spurious oscillations – it should not be used with
hydrodynamics. For reference the formulae are given:
h
i
(1)
(1)
(1)
I1 (y1 , . . . , y4 ; u, t) = i2 (u) i1 (t)y4 + i2 (t)y3
i
h
(1)
(1)
(1)
+ i1 (u) i1 (t)y1 + i2 (t)y2
(1)

(1)

with i1 (x) = 1 − x and i2 (x) = x

h
i
(3)
(3)
(3)
(3)
(3)
I3 (y1 , . . . , y1 6; u, t) = i4 (u) i1 (t)y13 + i2 (t)y12 + i3 (t)y11 + i4 (t)y10
h
i
(3)
(3)
(3)
(3)
(3)
+ i3 (u) i1 (t)y14 + i2 (t)y4 + i3 (t)y3 + i4 (t)y9
h
i
(3)
(3)
(3)
(3)
(3)
+ i2 (u) i1 (t)y15 + i2 (t)y1 + i3 (t)y2 + i4 (t)y8
h
i
(3)
(3)
(3)
(3)
(3)
+ i1 (u) i1 (t)y16 + i2 (t)y5 + i3 (t)y6 + i4 (t)y7
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with
1
(3)
i1 (x) = − x(x − 1)(x − 2)
6
1
(3)
i2 (x) = (x + 1)(x − 1)(x − 2)
2
1
(3)
i3 (x) = − (x + 1)x(x − 2)
2
1
(3)
i4 (x) = x(x + 1)(x − 1)
6

and t := T /∆ϑ, u := U/∆ϕ (compare Fig. 6)
Non-scalar quantities can be interpolated either componentwise or by transforming them into a spatially
fixed (coordinate independent) basis, interpolating componentwise and transforming back. One defines an r-th
order interpolation Ã(x) from a set of values {(xi , Ai )}
as an approximation of the true function A(x) of the
form
Ã(x) = I({Ai }) = A(x) + O(A(r+1) (x)(∆x)r+1 )
with ∆x = xi+1 −xi , assumed constant for simplicity and
A(x) possessing sufficiently many continuous derivatives.
Then, given a vector field v : R → R2 on a curve
parametrized by α one can express it either in a constant Figure 6: Points involved in the inor in a space-dependent basis:
terpolation stencils.
v = v x (α)ex + v y (α)ey = v 1 (α)e1 (α) + v 2 (α)e2 (α)
where the two choices have been denoted by x, y and 1, 2, respectively.
If the interpolation of a vectorial quantity is defined via a componentwise interpolation
in a fixed basis, one obtains
I fixed (v(α)) := I({v x (αi )})ex + I({v y (αi )})ey = v(α) + O((v x )(r+1) (α)(∆α)r+1 , (v y )(r+1) (α)(∆α)r+1 )
Now a similar kind of relation holds for a varying basis, but the error term is:
O((v 1 )(r+1) (α)(∆α)r+1 , (v 2 )(r+1) (α)(∆α)r+1 )
which now involves both the continuity of the vector field and of the basis vectors, most
easily observed for orthonormal bases, where v 1 = v x ex1 + v y ey2 . Thus, the convergence and
its rate are unaltered, whether one interpolates non-scalar quantities in a fixed or varying
basis, if the variation of the basis is sufficiently differentiable. However, one expects less
errors being produced with the fixed-basis method.
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Visually the method using the varying basis also interpolates the orientation of the
basis at the intermediate point, whereas the other uses the exact basis and interpolates
only the vector field. Both methods are implemented and available in the code.
Note that the interpolation is not done in a conservative manner – for this step all the
values involved are considered to be point values. In view of the Lax-Wendroff-theorem
this is of course highly undesirable. In [PXT06] a solution for the evolution of scalar
quantities is presented which amounts to keeping track of the exact relative positions
of the overlapping cells and accounting for this in the flux balance. However, fluxes of
vectorial quantities remain problematic.
4.3.3

Parity conditions at the origin

The Yin-Yang grid is defined on spheres of constant r-coordinate, thus any parity or
boundary conditions at the origin are unaltered by this approach and still have to be
taken into account. Having two coordinate patches actually even enriches the number of
conditions.
In normal spherical polar coordinates a cell at a negative radius −r and at some
angular position (ϑ, ϕ) will be identified with the positive radius r and the angular position
(π − ϑ, ϕ + π). Now both the r- and ϕ-unit vectors discontinuously change sign and so
the r- and ϕ-components have to be equipped with an extra minus sign (compare Fig. 7).

Figure 7: Radial parity conditions. In red two representatives of a constant vector field are depicted,
in blue – its components along the unit vectors in spherical polar coordinates; in green er and eϑ .
One observes that the projection on eϑ does not change sign, but the projection on er does. The
projection onto eϕ does also change sign, but is left out in order not to overcomplicate the image.

In the Yin-Yang framework this is only true if both positions, i.e. (ϑ, ϕ) and (π −
ϑ, ϕ + π) live on the same patch, which happens for ϕ sufficiently far from π. In general
however one cannot expect to stay on the same coordinate patch when performing this
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rotation. This means that again interpolation and transformation is needed. Once done,
the same parity conditions apply. A concise version of the complete algorithm can be
found in Table 2. The additional signs are given in Table 1.

−
+
−

r ϑ
r + −
ϑ
+
ϕ

ϕ
+
−
+

Table 1: Signs in the parity conditions at the origin for vectors and tensors.

Note that the parity conditions, at the origin or elsewhere, do not impose any symmetry. As an example one should consider the difference between insisting on (r, ϑ, ϕ) to
be identified with (r, π − ϑ, ϕ + π) or with (−r, π − ϑ, ϕ + π). The latter case is just a
continuation of formally non-allowed values of the coordinates.
One subtlety concerns the transformation of non-scalar quantities when a ghost cell
with negative radius has to filled. As the transformation is space-dependent, the question
may arise which position to take: the original (ϑ, ϕ) associated with the negative radius
or (π − ϑ, ϕ + π). The latter is readily found to be the correct one.
1
2
3
4
5
6
7
8
9
10
11
12

if r < 0
ϕ 7→ ϕ + π, ϑ 7→ π − ϑ
if (ϑ, ϕ) inside angular domain of its patch
if r < 0
Copy values from (|r|, ϑ, ϕ), apply parity conditions on non-scalar quantities
else //Cannot occur
else
Get interpolated value from other patch using |r|, transform non-scalar quantities
if r < 0
Set values after having applied parity conditions
else
Set values as they are
Table 2: Algorithm for filling a ghostcell located at (r, ϑ, ϕ).

4.4

Initialization and output

The initial data will in the majority of the cases be given in usual spherical polar coordinates. If explicit functions of the angular coordinates are involved, then extra work has to
be done to set them up on a Yin-Yang grid. In one of the patches the coordinates would
coincide, while in the other one the coordinates have first to be transformed back to the
usual spherical polar coordinates via Equations (30) and (29), and these latter used for
the computation.
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Independently of whether angles are explicitly involved, non-scalar quantities have to
be transformed using (31), if they belong to a patch using different coordinates than the
normal ones.
Of course, in principle the initial data may also be given in some independent coordinate system, e.g. a Cartesian one. In this case they may be transformed directly onto
the right Yin-Yang patch.
It might happen that one wishes to set up derived quantities, e.g. the determinant
of a metric, or some transformed quantity, although the above mentioned transformation
has not been performed yet. This is only possible if the operation in question commutes
with the transformation from one patch to the other. As the latter is an orthogonal one,
determinant evaluation as well as basis changes can be performed before the quantity is
transformed onto the respective patch. As an example consider the transformation of the
metric from coordinate to orthonormal basis, which involves various factors of sin ϑ. They
have in this case (i.e. before the metric is transformed) to be calculated with the angles
of a usual spherical polar system, and not the angles of the future patch.

4.5

Implementation details

The data, e.g. the conserved quantities are stored in rectangular-shape arrays and accessed
via coordinate indices (ir , iϕ , iϑ ). The grids are implemented as one further dimension to
the existing arrays, for which the index can take one of two possible values. Although not
the case in the treatment of the boundaries, there is qualitative difference between the
patch whose coordinates coincide with normal spherical ones and the turned patch, for
example when it comes to initial data. It is thus important to keep track of the orientation
of the patches.
Call
π
4
7π
:=
4

ϕstart :=
ϕend

π
4
3π
:=
4

ϑstart :=
ϑend

Furthermore, it may be necessary to have additional overlap between the patches. Call
Noverlap the number of cells that are added as valid cells between the patch defined above
and the ghost cells, whose number Nghost is determined by the needs of the finite differencing procedure. The value adapted here is Noverlap = 2.
The choice of an interval of length 2π on the real line where the angles shall lie does
not affect the Yin-Yang grid by itself, ] − π, π] however is in agreement with the image of
the atan2-function, built in in F90. The code described has been using [0, 2π[ before.
If the angular arrays, not counting the ghostcells, have a starting index of 1 and run
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up to Nϕ or Nϑ , then one has
ϕend − ϕstart
Nϕ − 2Noverlap
ϑend − ϑstart
∆ϑ =
Nϑ − 2Noverlap
ϕ = (iϕ − Noverlap − 0.5) · ∆ϕ + ϕstart mod 2π
ϑ = (iϑ − Noverlap − 0.5) · ∆ϑ + ϑstart mod 2π
∆ϕ =

(33)
(34)

Mind that with this definition Nϑ and Nϕ denote the number of valid cells on just one
patch of the Yin-Yang grid.
Sometimes it may become necessary to compare this setup with the cells in a code
with usual spherical polar coordinates; possible only for one patch of course. One finds,
taking ϑ as an example and calling now temporarily the grid size N YY or N , depending
on whether we speak of the number of ϑ-cells in a patch of a Yin-Yang code or in a full
[0, 2π] × [0, π] one:
π/2
π
π
+ YY
(iϑ − 0.5)
(iYY
ϑ − Noverlap − 0.5) =
4 N − 2Noverlap
N
If one takes e.g. j =

N
,
2

j YY =

N YY
,
2

and Noverlap = 2 then this yields
N YY =

N
+4
2

(35)

Recall, that when filling a cell at position −r and an angular position (ϑ, ϕ) the cell
at r and angular position (π − ϑ, ϕ + π) is accessed (Sec. 4.3). The need to turn ϕ by π
or to reflect ϑ on the equatorial plane thus occurs quite often. In order for this procedure
to work at the discretized level, i.e. the result of the operation to end up on a cell center
again, certain conditions must be fullfilled by Nϑ and Nϕ . One finds:


(iϕ − Noverlap − 0.5)∆ϕ + ϕstart + π − ϕstart
turnPhiByPI(ϕ) = 0.5 + Noverlap +
∆ϕ

 

π
Nϕ − 2Noverlap
= iϕ +
= iϕ + 2
∆ϕ
3
Now in order for this cell to be hit exactly the expression inside the brackets must already
be an integer. For Noverlap = 2 one finds the condition Nϕ ≡ 1 mod 3.
Analogously one finds Nϑ ≡ 0 mod 2.
Apart from the question of how to communicate between the two patches the following
issue presents itself when using overlapping grids: For the overlap zone in general two
distinct solutions are calculated and one has to decide which one to take. There does
not seem to exist a general principle telling which patch to take here; one of them is
systematically favoured in the code described. More precisely, all cells which, by inverting
(33) and (34) and using angles from the usual spherical polar coordinates, have an index
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pair lying inside [1, Nϑ ] × [1, Nϕ ] are counted as one of the patches. All other cells go into
the other patch.
As can be observed from Eq. (33) and (34) the angular range corresponding to the
index range [1, Nϕ ] and [1, Nϑ ] is larger than [ϕstart , ϕend ] and [ϑstart , ϑend ], respectively.
The number of cells in angular directions should not become too small – first of all it
should never drop below 2Noverlap . But furthermore, as for a small number of cells they
become very big the additional overlap cells and the ghost cells (that are added around
the valid cells) may make one patch close up, i.e. overlap with itself. As this would
increase the bookkeeping efforts dramatically such setups are not foreseen in the code
and are blocked. It is possible to make an estimate of the minimal numbers of grid cells
the code needs. The angular value of the outermost ghost zone:
!

ϕend + ∆ϕ(Noverlap + Nghost ) < π
!
ϕend − ϕstart
(Noverlap + Nghost ) < π
ϕend +
Nϕ − 2Noverlap
!
(ϕend − ϕstart )(Noverlap + Nghost )
+ 2Noverlap < Nϕ
π − ϕend
or inserting the values from above
!

8Noverlap + 6Nghost < Nϕ
In practice this value may be off by some grid cells, but gives an order of magnitude. An
!

analogous calculation for ϑ yields 4Noverlap + 2Nghost < gridSizeϑ .
If one wants to vary the grid resolution while keeping the aspect ratio of the cells as
constant as possible, the following prescription for Nr , Nϑ , Nϕ can be used (Noverlap =
Nghost = 2):

Nr given,
Nϑ = max 12, dqϑ Nr e0 mod 2 ,
Nϕ = max(22, dqϕ Nr e1 mod 3 ) (36)
where qϑ and qϕ are parameters fixing the aspect ratio and the minimal values are not
far from those found in the estimates above. The function dxea mod n is the next number
x0 ≥ x (x, x0 ∈ N), for which x0 ≡ a mod n.

4.6

Summary

The Yin-Yang grid allows an upgrade from the usual spherical polar coordinates to ones
that avoid axial singularities and impose a less restrictive CFL-condition. At the same
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time it, in principle, does not alter coordinates, but considers two mutually rotated
patches. The price one pays are additional interpolations and transformations.
A bit of care is needed when comparing the grid resolutions of a code with usual
spherical polar coordinates and of a Yin-Yang grid. Given Nr × Nϑ × Nϕ of the former,
the nomenclature in case of a Yin-Yang grid would refer only to one patch and the number
of grid cells would be, as a rule of thumb, Nr × Nϑ /2 × 3Nϕ /4, with Nr , Nϑ , Nϕ being the
grid cell numbers of a usual spherical polar coordinates code. The prescription may differ
by some cells depending on the exact implementation. (See Eq. (35) for an example.)
For the cells to be equilateral on the equator in angular directions in a usual spherical
polar coordinates code one has Nϕ = 2Nϑ because the domains of ϑ and ϕ differ by a
factor of 2. In a Yin-Yang grid this factor is 3 and thus the choice of Nϕ = 3Nϑ is more
appropriate. As the passage from one patch of the Yin-Yang grid to another approximately
interchanges the roles of ϑ and ϕ, ϑ-ϕ-equilateral cells are in general considered to be
favorable.
It seems that it would be desirable to find a grid setup without overlaps in order
to avoid (non-conservative) interpolation. The challenge, however, is not to affect the
implementation advantages of the Yin-Yang grid, e.g. the use of a convenient coordinate
system, equivalent on both patches, and rectangular arrays. Under these constraints it
seems virtually impossible to construct a non-overlapping grid. Clearly, the overlap in
the original formulation comes from the fact, that the sphere has been dissected in two
pieces by a line that is not invariant under the action of the rotation R. It is not hard to
find such lines (think of a tennis ball). But they do not coincide with coordinate lines of
ϑ or ϕ, and thus different coordinates must be invented. Once being ready to change for
a different coordinate system, it is questionable why to stick to the concept of a Yin-Yang
grid at all.
Additionally, even when there is no overlap between valid cells, due to the idea of
finite differencing on stencils, ghost cells will have to fetch information from the other
patch. If one wants to avoid interpolations the ghost cells would have to lie exactly at
the same place as the valid cells of the other patch, thus putting severe conditions on the
symmetry of coordinates near the edge of a patch. This problem appears for example
in the cubed sphere-approach [RIP96], which can be viewed as a dissection of the sphere
by an R-invariant curve (and subdividing each patch into three) and is the reason why
(non-conservative) interpolations are still needed there as well.
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5

Test cases

5.1

Quadrupole gravitational waves

As in Cartesian coordinates the travelling waves solution to the linearized Einstein equations is a superposition of plane waves, it can in polar coordinates be written down in a
spherical harmonics expansion. The quadrupolar part of this expansion [Teu82] (see also
[BMCCM13]) allows a test of spacetime evolution in a linearized problem with adjustable
symmetry; it is moreover assumed to be the dominant part of the radiation. Testing
spherical polar codes on axisymmetric waves probes not all of the implementation. On a
Yin-Yang grid, however, the symmetry axis of the problem cannot coincide with the symmetry axis of the grid, as there are two of them. Even if the setup would be axisymmetric
in one patch, it necessarily is not on the other. Thus, an axisymmetric quadrupole wave
already suffices to test all of the code.
In Fig. 8 two numerical solutions are depicted together with the analytic solution.
Fourth order finite differencing has been employed to approximate the derivatives. To
suppress high frequency noise Kreiss-Oliger dissipation is used as in [BMCCM13] with
the corresponding dimensionless coefficient set to η = −0.005.

(a)

(b)

Figure 8: For quadrupole waves of different symmetry m, the radial metric γrr − 1, normalised by
the amplitude of the wave, is plotted as a function of radius at angular direction (ϑ, ϕ) = (π/2, π).
(a): m = 0; (b): m = 2. The grid resolution is 30 × 32 × 97 and 40 × 16 × 49, respectively.

Choosing the wave amplitude small enough such that the linearized equations are valid
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(a)

(b)

Figure 9: Convergence plots (double-logarithmic) for the m = 2 quadrupole waves showing the
L2 -norm of the error over the domain r ∈ [0, 4] as a function of the number of cells in r-direction
and at two different times. (a): 2nd order interpolation between patches; (b): 4th order interpolation
between patches. The error stagnates at late times because the solution becomes affected by the
outer boundary.

(10−7 is adapted), a convergence analysis can be performed (Fig. 9). Although only the
number of cells in r-direction is given, the numbers in the other directions vary as well, in
order to keep an approximately constant aspect ratio of the cells. Prescription (36) with
qϑ = 0.4 and qϕ = 1.2 was used. As this procedure yields slight deviations from a strictly
linear increase, the error in Fig. 9a is plotted against (Nr Nϑ Nϕ )1/3 .
The error is observed to stagnate at late times, because the solution becomes dominantly affected by influences from the outer boundary. In Fig. 10a the domain has been
), an intermediate ( rmax
< r < 2rmax
), and an outer
dissected into an inner (r ≤ rmax
3
3
3
2rmax
( 3 < r < rmax ) part, and the L2 -error has been calculated separately for each of these
parts. One observes that whereas the error roughly remains constant in the inner part, it
quickly increases in the outer part and after t ∼ 2 dominates the total one.
Finally, in Fig. 10b the runtimes for these tests are plotted together with the runtime
of a usual spherical polar code on the same problem and machine (a desktop computer).
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(a)

(b)

Figure 10: (a) L2 norm of the error for a grid resolution (40 × 16 × 49) as a function of time.
The domain r ∈ [0, 4] is dissected into three parts, and the error is integrated separately over them.
At late times one observes an increase of the total error due to the outermost part of the domain.
(b) Runtime of m = 2 quadrupole waves as a function of different grids. The number of cells in
r-direction is given. For values less than 20 the number of cells in angular directions is constant
(12 × 22), whereas for larger values they are augmented as before using qϑ = 0.4 and qϕ = 1.2.
Data are plotted for a Yin-Yang grid with 2nd and 4th order of interpolation between the patches,
as well as for a usual spherical polar code with (Nr × Nϑ × Nϕ ) = Nr (1 × 0.8 × 1.6) in order to
have comparable cell dimensions. As expected from the definition of the CFL factor varying only the
number of cells in r-direction yields a quadratically varying runtime, and keeping the aspect ratio
of the cells constant – a quintic one. The influence of a higher order of interpolation is negligible.
Usual spherical polar codes display a sextic runtime.
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5.2

Relativistic shocks

Unidirectional shock tube tests and their spherically symmetric analogues can both be
used to test the performance of relativistic hydrodynamics algorithms. The well-known
classical analytic solution for the former has been extended to special relativity in [Tho86],
and for arbitrary initial velocities in [MM94]. The spherically symmetric “explosions” can
be compared to very well resolved solutions obtained with codes that solve the Einstein
equations in spherical symmetry. The speed and height of the jumps can also be found
analytically.
In the tests the domain r ∈ [0, 10] is separated into two regions; the scalar hydrodynamic quantities differ from region to region but are initially constant inside each of
them9 . The fluid is initially at rest everywhere. The discontinuities then decay into the
well-known structure of a rarefaction wave, a contact discontinuity and a shock. The
spacetime is kept flat in these tests. They are all performed with the EOS of an ideal
gas for an adiabatic constant of Γ = 2. For integrating the equations the HLLE solver
([HLL83], [Ein88]) with an MC limiter is used.
The first test presented has a high density region r < 5 with (ρ0 , P ) = (10, 13.33) and
(ρ0 , P ) = (1, 0.66 · 10−6 ) outside. In Fig. 11 and 12 two different codes have been run
with this initial setup at high and low resolution. The solid lines show the initial setup
and the results of a spherically symmetric code with Nr = 600. The non-constancy of
the fluid state between shock and contact discontinuity and between contact discontinuity
and rarefaction is due to the geometry of the problem and is observed in any kind of such
“shock sphere” results. For scalar problems the shape of this curve can be calculated
easily by the method of characteristics.
One observes furthermore that insufficient resolution smears the contact discontinuity
significantly.
Centering now the high-density sphere not at r = 0 presents a stringent test for
the performance of the hydrodynamic part of the equations on the Yin-Yang-grid with
practically the same analytic solution. The high density region with the same values of
the quantities is now a ball of radius 2 centered at (r, ϑ, ϕ) = (5, π/2, 0) (Fig. 13). For
some time the two rarefaction waves do not interact and the solutions can be directly
compared to those of the previous test. At late times the initially overdense region is
completely emptied.
Another useful test is a unidirectional shock tube. If aligned with one of the coordinate
axes in a Cartesian code, it would not test but a part of it; in a spherical polar code no
derivatives or components vanish by symmetry. In a Yin-Yang-code additionally the
quality of communication between patches can be studied. This test has already been
used for non-relativistic hydrodynamics on a Yin-Yang grid in [WHM10]. There however
a ball around the origin was excluded from the computational domain. The setup adapted
here is (ρ0 , P ) = (0.2, 0.1) for x = r cos ϕ sin ϑ > 5 and (ρ0 , P ) = (0.1, 0.03) everywhere
else on a domain r ∈ [0, 10]. Initially the fluid is at rest (Fig. 15).

9

To visualize the setup small icons next to the plots depict the equatorial plane and the low and high
density regions. A red line shows the orientation of the plot.
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Figure 11: Density over radius in the direction (ϑ, ϕ) = (π/2, 0) at t = 3. Solid red line: Initial
data and solution obtained with a spherically symmetric code resolving the domain r ∈ [0, 10] with
600 points. Green crosses: solution obtained with a Yin-Yang grid of 150 × 12 × 22 cells. Blue
crosses and violet boxes: low resolution runs with usual spherical polar coordinates (Nr = 30), and
the Yin-Yang grid (50 × 12 × 22), respectively. For the icon, see Footnote 9.

Figure 12: Same as Fig. 11, but plotting the radial velocity.
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Figure 13: Density over radius in the direction (ϑ, ϕ) = (π/2, 0). Solid red line: Initial data. In green
the solution for different times obtained with a Yin-Yang grid (90 × 20 × 61). The slight differences
in the resolution of the contact discontinuity have to be considered minding that the r-ϕ-aspect ratio
of the respective cells differs by a factor of ∼ 9. For the icon, see Footnote 9.

Figure 14: Same as Fig. 13, but plotting the radial velocity.
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Figure 15: Density over radius in the direction (ϑ, ϕ) = (π/2, 0) on a Yin-Yang grid (90 × 20 × 61)
at different times. Solid lines show the analytic solution. For the icon, see Footnote 9.

55

Figure 16: Same setup as Fig. 15, at time t = 4.324. The image shows the density (colour-coded)
on the equatorial plane. The boundary between the two grids is at x = ±y for positive x (i.e. at
ϕ = ±π/4). A slight difference in the angular resolution can be observed between the two patches,
but is due to resampling, when data from both grids are interpolated onto the equatorial plane. The
shocks remain straight even after having passed through the boundary between the patches. The
shock front distortions near the outer boundary are due to outflow boundary conditions.
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6

Summary and outlook

Chandrasekhar quotes Max Born in [Cha84] as having written
It [the general theory of relativity] appeared to me like a great work of art, to be
enjoyed and admired from a distance.
It is indeed an amazing theory, combining so much of deep mathematics with such complicated answers to such fundamental questions. It is also in many aspects an outstanding
theory, having been found on theoretical grounds and not by inspection of experimental
data. It also appeared just a decade before quantum theory showed its deficiency, although up to present times it is unclear how a reconciliation would look like and at what
energy scales to expect its effects to show up.
General relativity predictions have been so far consistently verified, as far as experimental methods were available. This concerns tests in the solar system (including relativistic corrections to routine satellite operation), gravitational lensing, pulsar timing and
many others. At the same time a lot more tests of general relativity at large scales and
in strong fields are desirable; the first direct detection of gravitational waves is therefore
expected to open up a new field in astronomy.
Solutions to the Einstein equations turn out to be hard to obtain. Analytic approximation techniques have provided valuable results, but cannot be used to obtain solutions
that describe compact astrophysical objects, such as neutron stars and black holes, adequately. Stationary analytic solutions (Schwarzschild, Kerr) have given valuable insight,
but models of spacetime with matter that shall be compared to observations have so far
to be computed numerically. This goes in parallel with the steady increase of available
computational power.
Numerical relativity is a diverse field with a large number of proposed approaches, that
has been steadily learning how to handle its challenges over the last decades. Numerical
relativity on spherical polar and multipatch grids can be seen as one further step in the
exploration of the numerical behaviour of the equations.
This thesis presented an implementation of the Yin-Yang grid for general relativistic
hydrodynamics and spacetime evolution in the BSSN formulation. A patch of spherical
polar coordinates next to the equator is used twice to cover every 2-sphere in a singularityfree manner. The two patches have together an overlap of at least ∼ 6% of the surface
area of the sphere. Starting with a code in spherical polar coordinates, the numerical
algorithms have to be augmented by a communication procedure between the two patches
and have to take care of the correct transformations when setting up initial data or
producing outputs. In order to be able to evaluate the finite differencing formulae that
replace derivatives, cells near the boundary of one patch have to look up the corresponding
values on the other patch. For non-scalar quantities this means also transforming them
from the other patch’s coordinate system. The Yin-Yang grid is in this respect a very
symmetric setup, and by virtue of its use of standard spherical polar coordinates (albeit
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twice) a particularly attractive one. It eliminates the coordinate singularities on the polar
axis which accumulate numerical errors due to diverging terms and impose a restrictive
Courant condition due to converging coordinate lines. The time step of the Yin-Yang
grid is dominated by the converging coordinate lines in the vicinity of the origin r = 0,
which is unaffected by the Yin-Yang approach. Therefore it easily achieves an order of
magnitude speedup, despite redundant calculations in the overlap region and additional
interpolations and transformations, which however happen at either only a fraction of the
cells (patch boundaries) or a fraction of the computational time (initial data, outputs).
This grid has been so far found to perform well and stably with both vacuum and
non-vacuum spacetimes. As mathematical statements about the convergence of a given
method are very rare, further work is needed to evaluate the performance of the grid
in a large variety of situations. This includes studies of both analytically known and
astrophysically relevant solutions as well as further investigation of their properties in the
given formulation of the equations, especially with respect to the coordinate evolution.
Another direction of investigation are more flexible grid geometries, adapted to the
problem at hand, schemes of higher accuracy and needing less computational time. As
inspiration, numerical hydrodynamics offers a variety of ideas in all these aspects, but
surely numerical relativity will in future also offer new, innovative solutions in this respect.
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7

7.1

Appendix

On global hyperbolicity

Details on the definitions and theorems of this section can be found in [O’N83], [Gal14]
and [Rin09]. The timelike and causal future of p ∈ M is denoted by I + (p) and J + (p),
respectively, i.e.
I + (p) = {q ∈ M : q can be connected to p by a future directed timelike curve in M }
J + (p) = {q ∈ M : q can be connected to p by a future directed causal curve in M } ∪ {p}
Analogous definitions can be given for the pasts, denoted by I − and J − .
An open set U in spacetime M is said to be causally convex provided no causal curve
in M meets U in a disconnected set. A spacetime M is called strongly causal if any of its
points has arbitrarily small causally convex neighbourhoods. This definition is a stronger
version of just a causal spacetime, which does not contain closed causal curves, as it turns
out that such a spacetime would still allow curves that are as near as one wishes to being
closed.
A spacetime M is called globally hyperbolic if it is strongly causal and the sets J + (p) ∩
J − (q) are compact for all p, q ∈ M . The latter property is referred to as internal compactness. Geroch [Ger70] proved that if a spacetime admits a Cauchy surface it is globally
hyperbolic, and conversely. In the proof he constructed a C 0 time function, i.e. a function
that is strictly increasing along future directed causal curves. By considering level sets
this function is used to show that a globally hyperbolic spacetime with a Cauchy surface Σ
is necessarily homeomorphic to Σ × I (with I an interval, that can, if needed, be rescaled
to R).
As has been proven by Choquet-Bruhat [FB52] that, given vacuum initial data (Σ, g, K),
i.e. covariant 2-tensors g and K on a 3-dimensional manifold Σ, there exists a solution
(M, 4g) to the Einstein vacuum equations and an embedding i : Σ → M such that
i∗ g = 4g g becomes the metric on i(Σ)
i∗ K = 4K K becomes the exterior curvature on i(Σ)
and i(Σ) is a Cauchy hypersurface in (M, 4g).
(M, 4g) is called a globally hyperbolic development.
Speaking losely, when starting out from a Cauchy surface as initial data, one obtains
a globally hyperbolic spacetime that fullfills the Einstein equations and gives naturally a
slicing. The converse is a bit more subtle:
A spacetime M is said to be regularly sliced if M = Σ × I with Σ a Cauchy surface
and I an interval of R (possibly infinite), the spacetime metric 4g can be written as
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4

g = −α2 (dx0 )2 + gij dxi ⊗ dxj with the α bounded from below and from above by positive numbers, the spacelike slices are Riemannian manifolds with t-dependent metrics
uniformly bounded below, as well as the norm of the vector β uniformly bounded [CB08].
Now by [CBC02] a regularly sliced spacetime is globally hyperbolic.
Citing for the mathematically interested reader further from [CB08] (p. 422): “It
results from the definition of global hyperbolicity that a nakedly singular spacetime is not
globally hyperbolic. Penrose proves that, conversely if a space is strongly causal and is
not nakedly singular it is globally hyperbolic. This led to the strong cosmic censorship
conjecture, saying in a rather loose way that all ”reasonable“ Einsteinian spacetimes ought
to be globally hyperbolic, in particular they should never be nakedly singular”. However
the precise formulations of the corresponding conjectures, to say nothing of their eventual
confirmations, are still under debate.

7.2

Test of tensor transformations

If a matrix has to be specified as it will


D −F
α
−1
g̃ = MgM =
F D
β

2
2
αD + γF − 2βF D
=
F D(α − γ) + β(D2 − F 2 )

be after transformation, one writes down


β
D F
γ
−F D
 

F D(α − γ) + β(D2 − F 2 )
x p
!
=
αF 2 + γD2 + 2βF D
p y

with D = − sin ϕ sin ϕ̃ and F = cos ϕ/ sin ϑ̃ and where α, β, γ are to be determined as
functions of x, y, p. As solution one finds
α = F 2 (x + y) + 2F Dp + (D2 − F 2 )x
β = F D(x + y) − 2F Dx + (D2 − F 2 )p
α+γ =x+y
using F 2 + D2 = 1.
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Miguel Alcubierre, Bernd Brügmann, Peter Diener, Michael Koppitz, Denis
Pollney, Edward Seidel, and Ryoji Takahashi. Gauge conditions for longterm numerical black hole evolutions without excision. Physical Review D,
67(8):084023, 2003.

[ADM08]

Richard Arnowitt, Stanley Deser, and Charles W Misner. Republication
of: The dynamics of general relativity. General Relativity and Gravitation,
40(9):1997–2027, 1962, republ. 2008.

[Alc97]

Miguel Alcubierre. Appearance of coordinate shocks in hyperbolic formalisms of general relativity. Physical Review D, 55(10):5981, 1997.

[BAF84]

Matania Ben-Artzi and Joseph Falcovitz. A second-order godunov-type
scheme for compressible fluid dynamics. Journal of Computational Physics,
55(1):1–32, 1984.

[BGGN04]

Silvano Bonazzola, Eric Gourgoulhon, Philippe Grandclement, and Jerome
Novak. Constrained scheme for the einstein equations based on the dirac
gauge and spherical coordinates. Physical Review D, 70(10):104007, 2004.

[BLPŽ03]
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